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and the two-group model for disiocated high-purity copper
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Abstract. The low-field Hall effect at 4.2 K and deviations from Matthiessen's rule between
4.2 K and 140 K were studied for dislocated samples of high-purity copper. In the framework
of the two-group model it is shown that for a good agreement between low-field Hall effect
and DMR data it is necessary to take into account the different averaging of relaxation times
for low-field Hall effect and electrical resistivity. The mathematical analysis used leads to a
definition of neck angle in the two-group model.

1. Introduction

The physics of dislocations is an established field of modern physics and materials research
[1]. However there is still a lack of information concerning the electronic transport properties
of dislocated metals [2, 3]. At present there is no single accepted explanation of resistivity
measurernents in dislocated metals, which show considerable deviations from Matthiessen’s
rule (DMRs} [4, 5]. Recent theoretical work has suggested [6, 7] that the electrical resistivity
of dislocations is proportional to the dislocation line length. This would lead to the important
resuit that the electrical dislocation resistivity could be used as a measure of dislocation
density {2, 4]. ) X

In general the ‘true’ dislocation resistivity p; is ‘hidden’ by DMRs. which can have
the same size as py itself. The DMRs are believed to be mainly produced by different
anisotropy parameters of the various scatterers of the conduction electrons [4, 8]. Although
it has been known for a long time that knowledge of scattering agisotropy is important
[5,8] a systematic study of it for the situation of electron—dislocation scattering—as could
be done by the low-field Hall effect (LFHE)—has never been performed. This topic is of
special interest, since Watts’ model of electron—disiocation scattering gives a prediction of
the detailed scattering anisofropy over the whole Fermi surface [6].

The idea of the present paper is to test the frequently used two-group model (TGM} of
Ziman [9], as developed by Dugdale and Basinski [8] to explain DMR, by seeing whether
it can consistently explain both LFHE and DMR in dislocated samples of high-purity copper.
Several authors have tried to show the usefulness of the TGM [10-13]. Even in de Haas-
van Alphen [14] and magnetic field induced surface state resonance [15] investigations
discussions within the TGM were used for more or less successful comparison. However,
especially in the context of dislocated samples the reliability of the TGM has never been tested
systematically for LFHE and DMR together although both quantities react very sensitively to
dislocations.
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The common properties of the low-field Halt coefficient Ry and the DMR can be seen
by the following TGM expressions according to [12] and to [8] and [16):

— Ry = f(1 + A%a)/(1 + Ab)Y? (1)

with A; as the scattering anisotropy parameter of what is assumed to be a single
scatterer [abelled 1 (see equations (3) and (9)). The terms a, # and f coniain integrais
involving velocity and curvature over the neck and belly regions of the Fermi surface (see
subsection 3.3). By estimating a, b and f and defining the neck region of the Fermi surface
to lie within a 20° cone about {111) Barnard [12] reduced equation (1) to

— Ry =7.65 x 107" (1 + 0.0544%) /(1 + 0.2574;)* (m® C71). (2)

The DMR & in a system of two scatterers (subscripts 1 and 2) can be written as (for three
scatterers see [17])

8 = p1pa(Ay — AL /(A1b(1 + DA o2 + Ab(l + bA Y p1) (3)

where A4, and A, are the scattering anisotropy parameters of the two scatterers and g, and
/ are the resistivities of each scatterer on its own. Hence Ry and § are linked by the
anisotropy parameter A; and the integral term b. While the DMR measurement involves
always at least two scatterers the great advantage of the LFHE is that it can be measured in
the limit of only one dominating scatterer,

The present paper is based on the following concept (by applying the equations (2) and
{3)): the Hall coefficient of a high-purity sample with high dislocation density measured at
42 K, RA(dis), will give Ay, the anisotropy parameter of electron—dislocation scattering.
Then, additionally, the DMR can be studied as a function of temperature arising from
dislocations and phonons as scatterers. A suitable anisotropy parameter for electron~-phonon
scattering above 100 K, Ay, will be given by the room temperature Hall coefficient of
copper, Ri®(ph). Moreover, as a simplification in our high-purity samples the influence
of the impurity resistivity pim will be negligible when the deformation (i.e. the dislocation
density) is large enough (pg ~ 100;m). Thus any anisotropy of impurity scattering may be
neglected in the data analysis (subsection 3.2).

It should be mentioned that the low-field Hall coefficient Ry, being one component
of the transport tensor, has the same values of electronic transport relaxation times as are
involved in DMR and resistivity. Since in the present case electrical resistivity is mainly
caused by large-angle scattering one should not use relaxation times obtained from the de
Haas—van Alphen effect, which is equally sensitive to large- and small-angle scattering
[4]. The experimental problems of making LFHE measurements in high-purity metals have
already been discussed [I1, 18].

2. Experimental details

The following paragraphs describe the sample materiais of high-purity copper (in brackets
the abbreviations used subsequently), the preparation procedures and the heat treatments
used.
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(i) Metalleurop (ME): 99.9999% pure copper ingot, weight 1 kg; slices of 1-2 mm were
cut by a Buehler cutting wheel and polished; the slices were rolled to foils of about 200 m
thickness between copper sheets; annealing for 16 h at 500°C in high vacuum (pressure
always < 1 x 1075 mbar). Resulting residual resistivity, 1.2 n$2 cm at a mean grain size of
160 pm. _ .

(it) MRC grade (MRC): 99.999% pure copper foils of 125 um thickness; annealing for
11 h at 950°C in high vacuum followed by oxygen annealing for 4 h at 950°C at a dynamic
pressure of 2.6 x 10™* mbar. Resulting residual resistivity, about 0.6-0.8 nQ cm (without
oxygen annealing 3.4 nf2 cm) at 2 mean grain size of 260 pm.

(iii) Goodfellow {GF): 99.99% pure copper foils of about 250 pm thickness; annealing
for 23 h at 950°C in high vacuum followed by oxygen annealing for 10 h at 950 °C.
Resulting residual resistivity, 0.6 nf2 cm (without oxygen annealing 5.5 nf2 cm) at a mean
grain size of 170 pum, :

{(iv) Single crystal (sC): 99.95% commercial copper, grown by the Bridgman technique
(in 5N purity argon atmosphere, pressure 260 mbar) from a rod with 6 mm diameter as a
multislip crystal with 1 x 3 nm cross section. Residuval resistivity in as-grown condition,
2.8 nQ cm; after annealing for 11 h at 950°C followed by 48 h oxygen annealing,
0.17 nQ cm.

Different densities of dislocations were introduced into the annealed foils by tensile straining
{from & = 0 to 15%) or rolling (from true strain £ = 13% to 130%). The strain rate & was
3 % 10~% 5~! and in the case of the single crystal 1.5 x 10™* 57!, Vacancies were anpealed
out at room temperature. A separate foil was prepared for each deformation state.

The final samples were made by spark erosion with dimensions of 45 mm x 3 mm
having two arms in the centre for Hall effect measurements (1 mm wide x 5 mm long)
and two arms at a distance of 30 mm for resistivity measurements. The Hall voltage
was measured by a SQUID picovoltmeter (resolution 1.5 pV Hz~!/?), which has been
described elsewhere [18]. The DMR measvrements were performed in an evaporation
cryostat [19] by the usual four-wire technique using a modern nanovoltmeter. The
‘experimental dislocation resistivity’ pqex as a function of temperature T was obtained
by the relation pge(T) = p(T,8) —p(T,& = 0}, where p(T, &) and p(T, e = () are
the resistivities of the dislocated sample and an undeformed reference sample, respectively.
Thus pgex(T) is a measure of the ekperirnental DMR as a function of temperature. The
geometry factor G was determined for each sample in the annealed state by assuming [20]
G =[R(293 K) — R(4.2 K)}/0ideat (293 K), where piae(293 K) = 1676 n2 cm [21] was
used. The error of pgex(4.2 X) is 0.02 n$2 cm and that of pg(130 X) is 0.2 n2 cm.

In the case of the single crystal, current and potential leads where spot welded
analogously to the arms of the polycrystalline samples. Hall effect and resistivity
measurements {only at 4.2 K and at room temperature) were done on one and the same
single crystal in a series of different deformation states (from & = 0 to & = 7%).

3. Results and discussion

3.1. Hall eﬁ”ect

Figure 1 shows the Hall coefficient Ry at 4.2 K as a function of the ratio pg,ex(4.2 K)
to impurity resistivity pi, for the four sets of copper samples investigated. The right-
hand ordinate shows the Ry scale converted into A values according to equation (2). The
following results can be seen:
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(i) Ry of the undeformed samples varies from —6.82 (ME) to —5.84 (sC). This means
the impurity scattering in these samples is anisofropic (A ~ 0.6 for 5C) in contrast to the
usual assumption that electron impurity scattering should be isotropic (A = 1) [22]. For
the polycrystalline samples also some influence of electron—grain boundary scattering has
to be taken into account. Larger magnitudes of Ry correspond to smaller grain sizes (see
section 2).

Size effect corrections turned out to be negligible.

(i) Ry reaches approximately the same value of —6.90 =% 0.05 for gy ex/ i near 10 or
above. This shows that LFHE measurements yield a clear and well defined result for Ag,
in the region of dominating electron—dislocation scattering, independent of the materials
investigated.

(iii) In the region 0 < pq.ex/0im < 5~10, Ry monitors a superposition of the anisotropy
of scattering by impurities, dislocations and (apart from SC) grain boundaries. An estimation
of the grain boundary resistivity by using the value 3.12 x 1071202 m? [23] and the grain
sizes of section 2 is about 0.2 nf2 cm for the ME and GF samples. Nevertheless the total
area of grain boundaries may have a larger influence on Ry than the impurity content. This
can be understood in the following way: grain boundaries may be considered to consist of
arrays of dislocations and therefore their contribution to anisotropic scattering or to the Hall
coefficient shouid behave in a similar manner to that of dislocations. The relatively small
contribution of the grain boundaries to resistivity would become enlarged in the LFHE by the
high dislocation-like anisotropy. This similarity between grain boundaries and dislocations
could lead to the observed effect that Ry of the ‘fine-grained’ materials ME and GF is already
approximately constant from pgex/om ~ 3. The larger scatter of Ry values can be found
only at deformations 0 < £ < 3% and seems to stem from the individual grain boundary
density near the Hall effect contacts of each sample.

| A
w
o 7 <018
~
™
E 4
= 6.5 —10.34
g
szc 6 8 //'/ 053
g
5'5— N S S B W NN L | 1 Lt 1 tef ] I |||||10-?‘7
Oub 1 10 100

Sdex/%im

Figure 1. The Hall coefiicient at 4.2 K, Ry, as a {unction of the ratio of experimental dislocation
resistivity to impurity resistivity, pgex/Pim- %, ME copper; {. GF copper; 4, MRC copper; [J, sc
copper. Values of £ (%) correspending to the data points shown (always from the [eft to the
right; R marks deformations made by rlling} are as follows: ME, 0, L, 2, 3, 5, 10, 15, 13R,
16R, 34R, 49R; aF, 0, 13, 16, 36, MRC, 0, 5, 11, 11, 20R, 42R, 42R, 130R; ¢, 0, 1,2, 3, 4.6,
7.
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3.2. DMR

The ‘normalized’ DMR data as a function of temperature can be seen in figure 2 for the
ME and GF copper, where D = pgex(T)/pd.ex(4.2 K). The values of deformation £ and
experimental dislocation resistivity pge(4.2 K) are indicated. The two curves shown are
very similar and follow the behaviour shown in [22]. Further curves obtained for the ME
copper (g = 35%, pg.ex = 10.63 nf2 cm) and the GF copper (& = 36%, paex = 11.52 nQ cm)
are not shown, because they would be in the same range as the curves shown.

[}
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0 20 40 60 80 100 120 MO
T (K
[
'8 L 1 [ S I SR N ) 1 i 1 1 J 1
0 20 40 60 80 100 12 140
T (K ,
Figure 2. Normalized pmk curves (D = paex{T)/pa,ex(4.2 K)) as a function of temperature, T.
%, experimettal points; — —-—, Barnard’s version, Ags = (.21 and & = 0.257; , exact

version, Agy = 0.14 and b = 0.219. (&) 6F copper, pgex(4.2 K) = 16.34 n2 cm, & = 82%,; (&)}
ME copper, Puex(4.2 K} = 13.29 nQ cm, ¢ = 49%.

If we try to calculate theoretical curves by using equations (2) and (3) we have to keep
in mind the following:
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(i) Due to the relatively large ratio pger/oim We can assume o4 (4.2 K) ~ p4(4.2 K),
whete pa(4.2 K} is the ‘true’ dislocation resistivity (see [22]).

(ii) For the same reason (as can be easily shown) we may omit impurity contributions
and use equation (3} only for contributions of dislocations and phonons.

(iii) Above 100 K, where phonons are predominantly large-angle scatterers, we expect
Apy ~ 1, as assumed elsewhere [12, 24],

(iv) There exists some uncertainty for the values of Agy between 4.2 K and 100 K
because of significant small-angle scattering in that temperature range. For small-angle
scattering no relaxation time or anisoiropy parameter can be defined. Since these details of
App will determine only the transition from the low to the high level of the DMR curves and
not the height at high temperatures we will use Ag, ~ 1 from 4.2 K to 140 K for the DMR
calculations discussed below. In the following we shall concentrate on explaining the DMR
step height defined as D(140 X) — D(4.2 K). The experimental reproducibility of that step
height for different samples but the same sample state was at least within 45%.

Using Ags = 0.21 (calculated from equation (2) having Ri%(dis) = —6.90); Apn = 1, which
corresponds to Rfioo(ph) = 3.1; pg as from figure 2 and gy, according (o the undeformed
reference sample we obtain by equation (3) (‘Barnard’s version’, & = 0.257) the dashed
curves shown in figure 2, They have a step height about 50% less than the measured curves,
Attempts to fit directly the measured DMR curves by equation (3) with only A, as fitting
parameter and Ag, = | yield values of Ag; ~ 0.11-0.12, whereas from Ry;*(dis) the direct
value 0.21 is calculated. Otherwise a change of Ap, from the value of unity to a value of
about 1.4 would give agreement between measured and calculated DMR curves, but then we
would not have Ri°(ph) correct.

A possible reason for the inconsistency of DMR and Ry is that there is a substantial
contribution to DMR of different origin than scattering anisotropy. Alternatively the
discrepancy may originate because, though equation (3) is an exact formulation of the
TGM 1in the relaxation time approximation, equation (2) is not. The numerical values in (2)
were obtained by a fit to certain data, and may well be inappropriate. We consider this
matter in the following section.

3.3. Critique and improvement of the two-group model

If the exact distribution of the electronic transport relaxation time v(k) is known as a
function of wave vector k, Ry can be calculated for cubic metals by the Tsuji formula [25]

3 2
Ry = 2% ( f 22y (k) dS) / ( f r(k)v(k)dS) ()
£

where v{k) is the Fermi velocity, « (k) the mean curvature on the Fermi surface and d5 an
element of the Fermi surface (the dependence on & will not be specified in the following).
Since no exact distribution of (k) is known for any scatterer concerning electrical resistance
and LFHE}, equation (4} facilitates estimatior of v(k) by formulating it in the TGM [10]

, 2
Ry= {2m ((Iﬁ)szcvz dS-i-(rﬁ)zfxvzds)/(rsfudS+1’NfUds) ®)
& B N B N

where g, 7 . Tg and Ty are (constant) mean relaxation times for the ‘groups’ of neck
and belly electrons. The main point is that in the case of the LFHE the averaging process

T In general relaxation times obtained by the de Haas—van Alphen effect are not reliable for DMR and LFHE [4, 24].
The sitvation is similar in the case of magnetic field induced surface stage resonance [265).
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is different in the numerator and denominator of equation (4) since the squared relaxation
times are weighted by the curvatures in the numerator. The TGM makes no distinction
between these two averages and thus arrives from (5) at equation (1), where

a= (vazxds)/fBu%ds
b=(/;uds)/f3uds : (6)
f=—1—2;—3(j,;v2:cd5)/(‘@ud8)2.

™ = (fvtdS)/fvdS B = (furds)//vdS N
N N B B
and 7
() = ( f vzrzde) / f v d§ (t8)* = ( f vzrzfcdS) / f v2i dS. (8)
N ] N B B

‘We may write equation (3) as follows;

+

e 2]
x [1+£A2(Lv2xd5)/ﬁv2de]/[l+A(Lud$)/f}3ud$]

2
' )]

To be precise

where
r= (5 5 = () /7d A =1/t

Equation (9) is only equal to (1) if » = s = 1. Equation (9) is exact insofar as equaftion (4)
is exact and should be able to give better agreement with the A values needed for the
calculation of the DMR according 1o equation (3). Even though the numbers r and s are not
known and are not accessible by experiment, nevertheless an improvement of the TGM can be
achieved considering equation (9). Since the curvature on the belly does not change as much
as on the neck s is likely to much closer to unity than r. r/s is very difficult to estimate,
but we can eliminate r/s by choosing a neck angle that gives (f v’x dS)/(f5 v« dS) =0.
This condition defines a neck angle of 18.7° for copper and reduces equation (9) by using
(6) to

— Ry =sf/(1- AbY (10)
“with f =734 x 107" m*® C~!, b = 0.219 and ¢ = 0 based on the precise Fermi surface

data of Halse {27]. The values of the terms f and b with ¢ = 0 were calculated by Watts
{28]. Equation (10} is still exact and has the advantage that the stronger correction (r/s)
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does not appear. We now have two adjustable parameters s and A. Furthermore s should
be close to unity because the mean curvature of the belly will not deviate much from that
of a sphere.

A change of 5 = 0.257 10 b = 0.219 does not have much influence on the description
of the DMR by equation (3). The direct fits of the experimental DMR curves as performed in
subsection 3.2 but now only changing b to 0.219 gives practically the same result as before,
Ags ~ 0.11 = 0.005, having taken into account an error of +5% of the experimental
step height. However, now in the ‘exact version’ of equation (10) the same value,
Agis ~ 0.11 £ 0.005, can also be obtained from Rf?(dis) = 6.90 if 5 = 0.986 £ 0.002
is used, which is close to unity, as expected Taking into account a measuring error of
RE2(dis) of £0.07 increases the error in s to £0.012. Furthermore the ‘exact version’
(10) describes consistently Ri®(ph) = 5.0-5.1 with Ay = 1 and s = 1.0024-1.022. The
increase of the term f by 1% due to lattice expansion from the temperature 4.2 K to 300 X
has been taken into account.

Even when putting s = 1 in our ‘exact version’ of the TGM we obtain significantly
better results than in the Barnard version. Then from Rf*(dis) = 6.90 +=0.07 (1% error)
one obtains Agg ~ 0.14 4= 0.02 (14% error, see below). Doing a similar DMR calculation as
in subsection 3.2 (equation (3)) but now using Ag, ~0.14£0.02 and b =0.219 (Apn = 1,
oph and pg unchanged) we obtain the full lines in figure 2, where the error bar (only drawn
at 130 K) is due to the experimental uncertainty of Ags obtained from Rj*(dis). These
curves show much better agreement with the experimental points, which shows that the
correction of the TGM——as shown above—works in the right direction. Furthermore direct
fits of the experimental curves by equation (3) with only Apy, as fitting parameter and having
s =1, Ags = 0.14 £ 0.02 and b = 0.219 require now Ay, ~ 1.13 £ (.11, which is much
closer to isotropic electron—phonon scattering than the value Ay, = 1.40 due io the similar
fit in the Barnard version (see subsection 3.2).

The present calculations show that a very small change in Ry produces a large change
in the fitted value of Ag;, €.g. in copper a 1% change in the experimental value of Rg;?(dis)
produces about 14% change in Ag,. This is a special situation for the case of dislocations
in copper due to the term Ab < 1 in equation (10). Consequently RfZ(dis) has to be
measured with very high accuracy.

4. Conclusions

The improved TGM can explain consistently the DMR step height and the low-field Hall
coefficient of dislocated high-purity copper. There is no reason to take into account other
sources of DMR beside scattering anisotropy. The analysis shown agrees with isotropic
electron—phonon scattering between 130 K and room temperature (Ap, = 1). In contrast
electron—dislocation scattering is extremely anisotropic (Adg; ~ 0.1). Investigations are
currently being done in silver and gold to see whether our improved TGM works there.
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